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We study the sub-gap states and the formation of localized magnetic moment for a single-level
quantum impurity embedded in a s-wave Bardeen-Cooper-Schrieffer (BCS) superconducting
medium, modeled by single-impurity Anderson Hamiltonian. We have used Green’s function
Equation of Motion technique within Self-consistent Hartree-Fock Mean Field approximation
to analyze the conditions necessary in metal (in superconducting state) for the formation of
localized magnetic state at the impurity site and study the phase diagram for the stability of the
magnetic state in the low-frequency limit |ω| << ∆sc by using Anderson’s theory. We have compare
this results with the Anderson’s results for the quantum impurity embedded in normal metallic host.
KEYWORDS — quantum impurity, superconductivity, magnetic moment, Ander-
son model, Hartree-Fock Mean-field approximation
I. INTRODUCTION
Advancement in nano-fabrication techniques made it
possible to fabricate devices in which metallic leads is
connected to quantum dots (QDs)[1-3]. In principle, such
hybrid devices are experimental realization for quan-
tum impurities interacting with the sea of conduction
band electrons. The quantum dots are semiconductor
nanoscopic structures (e.g. InAs nanowire, carbon nan-
otube and Graphene QDs) in which electrons are confined
to zero dimensions and due to the quantum confinement,
these quantum dots have discrete energy level like an
atom. These hybrid combinations of metal and QDs is
used as a single electron transistor(SET), a device that
is highly conductive only at very specific gate voltage. If
the metal is in superconducting state then it provides vi-
tal applications, such as nano-SQUID for the detection of
individual magnetic molecule, sources of spin entangled
electrons and detectors for mechanical resonators[2].
P.W Anderson[4] in his pioneering work analyzed the
electronic structure of a metal-containing a quantum im-
purity. He studied the conditions necessary in metals for
the presence or absence of localized magnetic moments
at the impurity site. By using self-consistent Hartree-
Fock approximation (HFA) he showed that local mag-
netic moments may be formed under suitable conditions
determined by an interplay of certain physical param-
eters such as impurity energy levels, coupling between
impurity and metal (hybridization energy or s-d interac-
tion) and on-site Coulomb repulsion.
The quantum impurity embedded in superconducting
bath have been also a topic of intensive research from
past few decades. Quantum impurity embedded in a such
superconducting bath (with superconducting energy gap
∆sc) instead of a normal metal drastically modifies the
electronic structure of impurity. The proximity effect al-
lows the Cooper pair to leak into the quantum impurity
state, thus shows a induced pairing in its spectral func-
tion in the energy range −∆sc < ω < ∆sc. Andreev
reflection (i.e. conversion of electrons into the Cooper
pairs with a simultaneous reflection of the holes) on the
opposite interfaces give rise to discrete sub-gap states
known as Andreev bound states (ABSs). The presence
of strong on-site Coulomb interaction opposes any dou-
ble occupancy of the quantum impurity state (Coulomb
blockade). At low temperatures the magnetic impurity
can be screened by the conduction electrons at the Fermi
sea(i.e. formation of a spin S=0 state)[5,6]. This so-
called Kondo effect occurs if the impurity is strongly cou-
pled to the bath, which then hybridize with the impurity
level. Thus both the effect i.e. the on-site Coulomb re-
pulsion and appearance of Kondo singlet competes with
the induced pairing.
The effect of magnetic impurities on superconductivity
has been investigated in detail by many authors[7,8,24].
It is also interesting to study how superconducting reser-
voirs affect the quantum impurity relative to normal state
which have not received much due attention. The ef-
fect of superconductivity on the formation of localized
magnetic moments has been studied previously within
Hartree-Fock approximation by various authors[9-12].
Early studies showed that superconductivity hinders the
spin localization or moment formation in comparison
with normal metals by assuming that there is no pairing
induced by superconductivity on the impurity site[9,10].
Kusakabe[11] and Rossler and Kiwi [12] included the
pairing induced on the localized site of the impurity.
Kusakabe concluded that the superconductivity either
aided or hindered the formation of localized magnetic
moment according to the energy of the impurity level
relative to the Fermi surface. Rossler and Kiwi, on the
other hand, find out that the magnetic region is slightly
reduced relative to the normal state. More Recently, the
spectroscopic properties of quantum impurity embedded
in a superconducting host is studied in the superconduct-
ing atomic limit (∆sc → ∞)[13-15]. Such limiting case
provides a useful way to handle the problem analytically.
From experimental point of view, the presence or absence
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of localized magnetic moment at single impurity embed-
ded in the normal non-magnetic metallic host were Con-
firmed by Matthias et al.[16] and then Wang et al.[17].
Their results were in qualitative agreement with theoreti-
cal results of Anderson[4] that magnetic moments cannot
exist in all cases, but only in those cases where certain
parameters satisfy specified conditions separating mag-
netic and non magnetic phases.
Lee et al.[18] studied the tunnel spectroscopy experiment
that probes the magnetic properties of a QDS system.
They varies the superconducting energy gap ∆sc by ap-
plying the external magnetic field. The experiment was
performed on a NQDS system, where the N contact
is used as a weakly coupled tunnel probe. Deacon et
al.[19] also studied the tunneling spectroscopy of An-
dreev bound states in single self-assembled InAs quan-
tum dots contacted with normal and superconducting
leads for small coupling to normal lead. These experi-
ments indicate that the competition between the singlet
and doublet states is governed by different energy scales:
superconducting gap (∆sc), coupling between supercon-
ductor and quantum dot (Γ), the charging energy, (U),
and the energy (d) of the dot level relative to the Fermi
energy of the Superconducting electrode (see Fig 1).
FIG. 1: Schematic level diagram for quantum impurity (QD)
embedded in BCS superconductor: an impurity level d with
on-site Coulomb repulsion U is hybridized with a continuum
of excitations in a superconductor with a gap ∆sc through
hybridization with strength Γ.
Motivated by above theoretical and experimental stud-
ies, we have planned to investigate the single impurity
Anderson model with superconducting bath within self-
consistent HFA which is the simplest approximation to
deal with interactions. We focused on the sub-gap states
of the quantum impurity immersed in a s-wave supercon-
ducting host for the low-frequency limit |ω| << ∆sc(i.e.
a gap much larger than all characteristic impurity ener-
gies)[20]. It is also assumed that the energy level spacing
of quantum impurity δ is sufficiently large as compared
to other energy parameters. Thus the impurity is simpli-
fied to a two-fold degeneracy of spin up and spin down
(by Pauli exclusion principle).
In the low-frequency limit, the screening of magnetic mo-
ment at impurity site by the conduction electrons at the
Fermi level is not possible as TK/∆sc << 1 i.e the Kondo
effect is suppressed completely. The coupling between
quantum impurity and quasiparticle excitations also van-
ishes in the low-frequency limit. But the impurity is still
coupled to the Cooper pairs at the Fermi level which
induces a superconducting gap (proportional to the hy-
bridization Γ between impurity and superconductor) in
the spectral density of impurity. Thus in this limit, the
on-site Coulomb repulsion competes with the induced on
dot pairing. A detailed discussion of the model Hamilto-
nian and theoretical formulation is provided in the pre-
ceding section II.
II. MODEL HAMILTONIAN AND
CALCULATION
The microscopic model Hamiltonian for a single-level
quantum impurity (QD) embedded in BCS supercon-
ducting bath is provided by single level Anderson im-
purity Model,
Hˆ = HˆQD + HˆS + HˆT (1)
where
HˆQD =
∑
σ
dnˆdσ + Unˆd↑nˆd↓ (2)
HˆS =
∑
k,σ
(k cˆ
†
kσ cˆkσ −
∑
k
(∆sccˆ
†
k↑cˆ
†
−k↓ + ∆
∗
sccˆ−k↓cˆk↑)
(3)
HˆT =
∑
k,σ
(Vkdˆ
†
σ cˆkσ + V
∗
k cˆ
†
kσdˆσ) (4)
HˆQD (Eq.(2)) is the Hamiltonian for single level quantum
impurity, dσ(d
†
σ) is the annihilation(creation) operator of
electron with spin σ on the impurity and nσ = dσd
†
σ is
number operator. The impurity consists of a single elec-
tronic level of energy d and can be occupied upto two
electrons. The Coulomb repulsion U between electrons
on the impurity state is also taken into account, which
hinders an exact solution to the problem.
HˆS (Eq.(3)) is BCS Hamiltonian, ckσ(c
†
kσ) is the annihi-
lation(creation) operator of an electron with spin σ and
wave vector ~k in the superconducting bath. In HˆS the
first term is the kinetic energy and second term repre-
sents the attractive interaction between the electrons of
superconducting bath which is responsible for the forma-
tion of Cooper pairs. ∆sc is superconducting energy gap
iii
i.e. energy difference between the ground state of the
superconductor and energy of lowest quasiparticle exci-
tations. E > 2∆sc energy is required for the destruction
of Cooper pair to create a pair of quasiparticle. The en-
ergy k is measured with respect to the chemical potential
µS = f = 0 at T = 0K.
HˆT (Eq.(4)) represents the hybridization of impurity
with the external superconducting bath i.e the possibil-
ity of the single-particle tunneling between impurity state
and superconducting bath and vice-versa. Vk is the hy-
bridization energy (or s-d interaction).
To diagonalized the BCS part of above Hamiltonian, we
employ the so-called Bogoliubov transformation [21]. We
define new Fermionic quasiparticle operators γkσ and co-
efficients uk and vk
ck↑ = u∗kγk↑ + vkγ
†
−k↓
c†−k↓ = ukγ
†
−k↓ − v∗kγk↑
(5)
The normalization condition is |uk|2 + |vk|2 = 1. Substi-
tuting in the Eq.(1) yields
H =
∑
k,σ
(Ekγ
†
kσγkσ + E0) +
∑
kσ
(Vku
∗
kd
†
σγkσ + h.c)+∑
k
[V ∗k vk(d
†
↑γ
†
−k↓ − d†↓γ†k↑) + h.c] +
∑
σ
dndσ + Und↑nd↓
(6)
where h.c denotes the Hermitian conjugate, E0 =∑
k(k−Ek+∆sc〈c†k↑c†−k↓〉) is the ground state energy of
the bath and Ek =
√
2k + |∆sc|2 is the excitation energy
(quasiparticle energy) of the bath. We assume that hy-
bridization or s-d interaction is k independent i.e Vk = V
for Vk << D (wide band) where −D ≤ k ≤ D and
the coupling constant (or tunnel coupling) is defined by
Γ = pi|V |2ρ0, where ρ0 = 1/2D is the constant density of
state of the band (flat band).
The coefficients uk and vk read
|uk|2 = 1
2
(1 +
k√
k + |∆sc|2
) (7)
|vk|2 = 1
2
(1− k√
k + |∆sc|2
) (8)
For ∆sc → 0, |uk|2 → 1 for k > 0 and |uk|2 → 0 for
k < 0 whereas |vk|2 → 1 for k < 0 and |vk|2 → 0 for
k > 0. Thus a Bogoliubon excitation in normal state
corresponds to creating a electron for energies above the
Fermi level and creating a hole of opposite momentum
and spin for energies below the Fermi level. At the super-
conducting state, a Bogoliubon becomes a superposition
of both electron and hole state.
To solve the above single level Anderson impurity model
we use the Green’s function Equation of motion (EOM)
method[22,23]. We are mainly interested in the spec-
tral properties of the quantum impurity which can be
extracted from the single particle retarded Green’s func-
tion defined as
Grdσ(t) = 〈〈dσ(t); d†σ(0)〉〉 = −iθ(t)〈[dσ(t), d†σ(0)]+〉 (9)
In the framework of the Green’s function method, the
Fourier transform of the single particle retarded Green
function should satisfy the equation of motion
ω〈〈dσ; d†σ〉〉ω = 〈[dσ, d†σ]+〉+ 〈〈[dσ, H]; d†σ〉〉ω (10)
For correlated (U 6= 0) quantum impurity embedded
to superconducting bath the Hamiltonian is not exactly
solvable due to the quartic term in the Coulomb interac-
tion. Therefore we analyse above Hamiltonian by treat-
ing the Coulomb interaction within Hartree-Fock mean-
field approximation.
In HFA the interaction term is written as
Und↑nd↓ = U〈nd↑〉nd↓ + U〈nd↓〉nd↑ (11)
where 〈ndσ〉 is the average number of occupation of spin
σ ∈ ↑, ↓ on the dot, which has to be calculated self-
consistently.
The Hamiltonian for Correlated quantum impurity
(Eq.(6)) within HFA becomes
H =
∑
k,σ
(Ekγ
†
kσγkσ + E0) +
∑
kσ
(Vku
∗
kd
†
σγkσ + h.c)+∑
k
[V ∗k vk(d
†
↑γ
†
−k↓ − d†↓γ†k↑) + h.c] +
∑
σ
Edσd
†
σdσ
(12)
where Edσ = d + U〈ndσ¯〉 and σ 6= σ¯
By employing the Green’s function EOM method, we de-
rived following coupled equations for the case of corre-
lated quantum dot.
(ω − Ed↑)〈〈d↑; d†↑〉〉 = 1 + V
∑
k
u∗k〈〈γk↑; d†↑〉〉+
V
∑
k
vk〈〈γ†−k↓; d†↑〉〉
(13)
(ω − Ek)〈〈γk↑; d†↑〉〉 = V ∗uk〈〈d↑; d†↑〉〉+
V vk〈〈d†↓; d†↑〉〉
(14)
(ω + Ek)〈〈γ†−k↓; d†↑〉〉 = −V u∗k〈〈d†↓; d†↑〉〉+
V ∗v∗k〈〈d↑; d†↑〉〉
(15)
and
(ω + Ed↑)〈〈d†↓; d†↑〉〉 = −V ∗
∑
k
uk〈〈γ†−k↓; d†↑〉〉+
V ∗
∑
k
v∗k〈〈γk↑; d†↑〉〉
(16)
Then we can solve this close set of equations (Eqs. 13-
16) and get the expression for the single electron Green’s
function with spin σ =↑ as follows
Grd↑ = 〈〈d↑; d†↑〉〉 =
ω + Ed↑ − I1
(ω − Ed↑ − I2)(ω + Ed↑ − I1)− (I3)2
(17)
iv
where
I1 = |V |2
∑
k
( |uk|2
ω + Ek
+
|vk|2
ω − Ek
)
(18)
I2 = |V |2
∑
k
( |uk|2
ω − Ek +
|vk|2
ω + Ek
)
(19)
and
I3 = |V |2
∑
k
ukv
∗
k
(
1
ω − Ek +
1
ω + Ek
)
(20)
By transferring summation over k-values into the inte-
gral over , the multi-dimensional problem changes into
a one-dimensional problem and for |ω| < ∆sc i.e. within
superconducting gap one can have
I1 = I2 = −2|V |2ρ0ω
∫ D→∞
0
[
1
2 + (∆2sc − ω2)
]
d
= − Γω√
∆2sc − ω2
(21)
and
I3 = −2|V |2ρ0∆sc
∫ ∞
0
[
1
2 + (∆2sc − ω2)
]
d
= − Γ∆sc√
∆2sc − ω2
(22)
And for |ω| > ∆sc a simple manipulation provides
I1 = I2 == − iΓω√
∆2sc − ω2
(23)
I3 == − iΓ∆sc√
∆2sc − ω2
(24)
In the next subsections, we calculate single electron re-
tarded Green’s function and corresponding spectral den-
sity for uncorrelated quantum impurity and for correlated
quantum impurity in the low-frequency limit |ω| << ∆sc.
A. Non-interacting case(U = 0)
For the non-interacting case or uncorrelated quantum
impurity Edσ = d, and the Hamiltonian is exactly solv-
able and the Green function of the quantum dot is given
by (from Eq. 17),
Grd0(ω) =
ω + d +
Γω√
∆2sc−ω2
ω2 + 2Γω
2√
∆2sc−ω2
− 2d − Γ2
, |ω| < ∆sc (25)
Grd0(ω) =
ω + d +
iΓω√
ω2−∆2sc
ω2 + 2iΓω
2√
ω2−∆2sc
− 2d − Γ2
, |ω| > ∆sc (26)
For |ω| < ∆sc the poles of Green’s function (i.e. equating
denominator to zero) gives the energies of localized ex-
cited states or Andreev bound states (ABSs) which can
be obtained by solving following equation
ω2 −

(
2d + Γ
2
)(
1 + 2Γ√
∆2sc−ω2
)
 = 0 (27)
The Green’s function for |ω| < ∆sc can also be written
as (ω → ω + iδ)
Grd0(ω + iδ) =
∑
α=±
Wαb
ω − Eαb + iδ
(28)
where Eαb = Eb −Eb are the poles of Green function i.e
solution of Eq.(27) and Wαb = W
+
b ,W
−
b are their respec-
tive weights and δ → 0+.
Wαb =
1
2
(
∆2sc − E2b
) [ √∆2sc−E2b (1+αdEb )+Γ
(∆2sc−E2b )(
√
∆2sc−E2b+2Γ)+ΓE2b
]
(29)
The total spectral density ρd0(ω) of the quantum impu-
rity is thus given by
ρd0(ω) = − 1
pi
Im{Grd0(ω)} (30)
ρd0(ω) =
δ
pi
∑
α=±
[
Wαb
(ω − Eαb )2 + δ2
]
+ ρconst.(ω) (31)
with
ρconst.(ω) =
1
pi
Γω√
ω2−∆2sc
 ω2+2dω+Γ2+2d
ω2−(Γ2+2d)2+
(
2Γω2√
ω2−∆2sc
)2

(32)
where first term is the discrete spectral density for |ω| <
∆sc and second term ρconst.(ω) is continuum spectral
density for |ω| > ∆sc.
B. Interacting case(U 6= 0):Self-Consistency
conditions for localized moments
For the interacting case or correlated quantum impu-
rity the simple solvable limit is the limit of large gap i.e.
∆sc → ∞, and has been discussed previously[13-15,20].
This is not the limit as realized in the real experiment
vbut it allows one to obtain the exact analytical solution.
We take the low-frequency limit |ω| << ∆sc after tak-
ing D → ∞ for the proximity effect to survive which
is equivalent to ∆sc → ∞ limit. In the low-frequency
regime Eqs. (21) and (22)become
I1 = I2 = 0, I3 = −Γ.
Thus the Green function Eq.(17) of quantum dot for in-
teracting case (in above limit) become
Grd↑ =
ω + Edσ
(ω − Edσ)(ω + Edσ)− (−Γ)2
(33)
The energies of ABSs is given by the poles of the Green’s
function
ω = ±Eb = ±
√
E2dσ + ∆
2
d
Thus in the low-frequency limit, the impurity become a
superconducting grain with the induced superconducting
gap |∆d| = Γ.
The Green’s function for any spin σ =↑, ↓ can also be
written as (ω → ω + iδ)
Grdσ =
[( |ud|2
ω − Eb + iδ
)
+
( |vd|2
ω + Eb + iδ
)]
(34)
with
|ud|2 = 1
2
(1 +
Edσ√
E2dσ + |∆d|2
) (35)
and
|vd|2 = 1
2
(1− Edσ√
E2dσ + |∆d|2
). (36)
The corresponding spectral density is given by,
ρdσ(ω) =
δ
pi
[(
|ud|2
(ω − Eb)2 + δ2
)
+
(
|vd|2
(ω + Eb)
2
+ δ2
)]
(37)
The average occupation number at the impurity level of a
given spin σ is obtained by integrating Spectral density
in the continuum energy up to the Fermi level f (at
T = 0K) as
〈ndσ〉 =
∫ f=0
−∞
ρdσ(ω)dω (38)
Thus,
〈ndσ〉 =
[
1
2
− Edσ
pi
√
E2dσ + ∆
2
d
tan−1
(√
E2dσ + ∆
2
d
δ
)]
(39)
For self-consistent solution, the two simultaneous equa-
tions are given by
〈nd↑〉 =
1
2
− Ed↑
pi
√
E2d↑ + ∆
2
d
tan−1

√
E2d↑ + ∆
2
d
δ

(40)
and
〈nd↓〉 =
1
2
− Ed↓
pi
√
E2d↓ + ∆
2
d
tan−1

√
E2d↓ + ∆
2
d
δ

(41)
with Ed↑ = d + U〈nd↓〉 and Ed↓ = d + U〈nd↑〉.
The form of this equation is the same as obtained by
Anderson[4] for quantum impurity embedded in normal
metallic host. These two coupled equations give us the
occupation of the spin up and spin down states at the
impurity site and the magnetic moment, m = 〈nd↑〉 −
〈nd↓〉.
In the next section we discuss the results obtained by
numerical computations of above equations (Eqs. 31, 37,
40 and 41) for various parameter regimes.
III. RESULTS AND CONCLUSION
The competition between the non-magnetic (singlet)
and magnetic (doublet) ground state at impurity site em-
bedded in superconductor host is determined by different
energy scales: ∆sc, Γ, U and d.
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FIG. 2: The spectral density ρd0(ω) of uncorrelated quantum
impurity obtained for various value of Γ/∆sc for electron-hole
symmetric case (d = −U/2 = 0) and δ → 0+ at T = 0K.
In Fig.2 we present the spectral density ρd0(ω) (Eq.(31))
for different coupling strengths Γ for uncorrelated (U =
0) quantum impurity. This shows that the spectral den-
sity ρd0(ω) vanishes for ω < ∆sc i.e inside the super-
conducting gap except for certain discrete values. These
resonant sub-gap states (ABSs) represents the quasipar-
ticles of infinite lifetime (τ = 1/δ) and is the signature
of the proximity effect. In the superconducting atomic
limit(Γ << ∆sc or ∆sc →∞) the poles of Green’s func-
tion is ω = ±√2d + Γ2, which shows that in this limit
vi
the impurity itself become superconductor with the in-
duced pairing gap ∆d = |Γ| as shown in Fig 1.(a). This
superconducting singlet |S〉 (S = 0) is superposition
of the empty,|0〉, and doubly occupied, | ↑↓〉,states i.e
|S〉 = −v∗d| ↑↓〉+ud|0〉. On the other hand for Γ >> ∆sc
i.e in strong coupling regime, the resonant sub-gap quasi-
particles states combines with the gap edge singularities
at ±∆sc as shown in Fig 1.(d).
In the low-frequency regime |ω| << ∆sc, the proximity
induced on-dot pairing |∆d| = Γ competes with Coulomb
repulsion U . For U = 0 case, it follows from Eqs.(40) and
(41) that
〈nd↑〉 = 〈nd↓〉
which is a non-magnetic singlet solution as discussed
above.
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FIG. 3: Self -consistent plot of 〈nd↑〉 vs 〈nd↓〉 for a) Non-
Magnetic case and b) Magnetic case for electron-hole symme-
try (d =
−U
2
).
The self-consistent solution of Eqs.(40) and (41) shows
the existence of the singlet (|S〉) and magnetic doublet (
| ↑〉, | ↓〉 ) solution for different values of U/|∆d| or U/Γ
(see Fig.3 and Fig.4). For small U i.e U/Γ = 1.0, there
exists only one non-magnetic solution at 〈nd↑〉=〈nd↓〉 =
1/2. But for U/Γ = 3.0 we find the “localized” case
with three possible solutions, one non-magnetic solution
at 〈nd↑〉=〈nd↓〉 = 1/2 and another pair of stable mag-
netic solution at 〈nd↑〉=1− 〈nd↓〉 = 0.87266.
Fig.4 shows the U/Γ dependence of magnetic moment
m = 〈nd↑〉 − 〈nd↓〉 at the impurity site for electron-hole
symmetric case i.e d = −U/2. The ground state is sin-
glet as long as U ≤ 2Γ and doublet otherwise. Thus
the ground state transition occurs at U/2Γ ' 1. On the
other hand if the quantum impurity is embedded in nor-
mal metallic host with tunnel coupling ΓN then, HFA
leads to the magnetic phase transition at U/piΓN = 1
(see inset of Fig.4).
Let us now discuss the magnetic moment as a function
of the energy level of quantum impurity, d, away from
electron-hole symmetric case (d 6= −U/2). The phase
diagram depicts the stability of the magnetic doublet ver-
sus that of the spin singlet.
Fig.5(b) is the phase diagram for impurity embedded in
superconducting host and it shows the magnetic moment
in colour-scale representation as a function of −d/U
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FIG. 4: U/Γ dependence of the magnetic moment m at the
impurity site embedded in S.C for d = −U/2 at T = 0K in
the low-frequency regime |ω| << ∆sc. The inset shows the
U/ΓN dependence of the magnetic moment m at the impurity
site embedded in Normal metal (N.M) host.
FIG. 5: Ground state phase diagram showing the non-
magnetic(Singlet)and magnetic(Doublet) regions for quantum
impurity embedded in the metal in a) normal state[4] (ΓN is
the coupling between impurity and normal metallic lead) and
b) superconducting state for |ω| << ∆sc.
and U/Γ, which is obtained by solving self consistent
equations (40) and (41) numerically. Similarly, Fig.5(a)
shows the phase diagram for impurity embedded in nor-
mal metal[4]. If the metal is in superconducting state
with |ω| << ∆sc or ∆sc → ∞ then the magnetic region
is enhanced as compared to the normal metallic state by
a factor of 1.9 ( i.e area of magnetic doublet in supercon-
ducting case ≈ 1.9 × area of magnetic doublet in normal
case). Thus superconductivity favours the spin localiza-
tion i.e. formation of magnetic moment relative to the
normal metallic state.
In conclusion, to gain insights into the physics of hybrid
superconductor-quantum dot devices, we considered the
uncorrelated and correlated quantum impurity embed-
ded in BCS superconductor host. For correlated quan-
tum impurity (U > 0) we analyzed the low-frequency
limit (|ω| << ∆sc) within HFA to obtain analytical so-
lution of the problem. This limit is difficult to realized
exactly in the experiments, but it indicates the necessary
condition for the formation of magnetic moment at im-
purity site and allow one to study sub-gap states to an
extent. The competition between the proximity induced
vii
local pairing and Coulomb interaction on the dot site re-
sults in a transition from the BCS like state to the singly
occupied one. Also the magnetic region is enhanced by
superconductivity for low-frequency limit as compared
to the normal metallic results[4]. We hope this analysis
would be useful for the experimental study of the hybrid
superconductor-quantum dot devices.
Further theoretical analysis can be extended to study the
more realistic experimental situation by considering finite
superconducting gap, multi-level quantum dot, double
quantum dots and a impurity band coupled to s-wave or
d-wave superconductor with the details of experimental
set-up by using mean field or higher order approxima-
tions.
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